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1.  Introduction 

Researchers have been studying the development and implementation of control methods 
for countless years. Inverted pendulum systems are commonly studied in control systems to 
compare control methods as a benchmark problem. There are many different types of inverted 
pendulum such as rotary, multiple links, flexible and inertia (reactional) wheel inverted 
pendulum systems [1-4]. In this research, a reactional wheel inverted pendulum system is 
considered [5]. A reaction wheel is a flywheel that is used in many systems such as satellite 
attitude controls and driving some kind of robots [6, 7]. The Reaction wheel inverted pendulum 
is a pendulum system consists of a rotating wheel on top and a simple inverted pendulum 
rotating about a pinned joint. Also, many control techniques are studied using these different 
types of inverted pendulum systems such as PID (proportional–integral–derivative), LQR 
(linear–quadratic regulator), Fuzzy Logic and Sliding Mode controllers [8-11]. LQR controller 
is a state feedback controller and it is used to control linear systems [12]. Hence, in this study, 
a reaction wheel inverted pendulum system is created by using a 3D CAD platform, exported 
to Simscape Multibody which is a toolbox of Matlab/Simulink to simulate dynamics systems 
and state-space representation is derived from the multibody model and a full-state feedback 
LQR controller is applied to balance the pendulum by using Matlab/Simulink. 
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 In this study, modeling and LQR control of a reaction wheel inverted 
pendulum system is described. The reaction wheel inverted pendulum 
model is created by using a 3D CAD platform and exported to Simscape 
Multibody. The multibody model is linearized to derive a state-space 
representation. A LQR (Linear-quadratic regulator) controller is 
designed and applied for balance control of the pendulum. The results 
show that deriving a state-space representation from multibody is an 
easy and effective way to model dynamic systems and balance control of 
the reaction wheel inverted pendulum is successfully achieved by LQR 
controller. Results are given in the form of graphics. 
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2.  Modeling of Reaction Wheel Inverted Pendulum 

In this section modeling of the reaction wheel inverted pendulum is described. Model of 
reaction wheel inverted pendulum is created by using a 3D CAD platform and exported to 
Simscape Multibody which is a toolbox of Matlab/Simulink to simulate systems and state-space 
representation is derived from the multibody model. Designed reaction wheel inverted 
pendulum system shown in Fig. 1 and the system parameters shown in Table 1. 
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Fig. 1.  Reaction wheel inverted pendulum system 

Table 1.  Reaction wheel inverted pendulum system parameters 

Symbol Description Value and unit 

Mw Mass of reaction wheel 0.554 kg 

Mp Mass of pendulum 0.141 kg 

Jw Wheel mass moment of inertia 4.36x10-3 kgm2 

Jp Pendulum mass moment of inertia 0.69x10-3 kgm2 

L Pendulum length 0.21 m 

Lp Pendulum center of mass length 0.11 m 

τ Control torque Nm 

θ Pendulum angle degree 

β Wheel angle degree 

 

In the reaction wheel inverted pendulum system modeling, the input of the system is torque 
τ that applied to the reaction wheel, the outputs are pendulum angle θ and wheel angle β. The 
pendulum and reaction wheel are assumed to be rigid. Created Simscape Multibody model 
shown in Fig. 2. This model is linearized using the Matlab platform and the state-space 
representation of the system was obtained to be used in LQR control studies of this paper. State 
matrix A, input matrix B, output matrix C and feedforward matrix D of the state-space 
representation are shown (1) and (2). 

𝐴 = [

0 1 0 0
44.2924 0 0 0

0 0 0 1
−44.2924 0 0 1

]       𝐵 = [

0
−38.5631

0
268.0902

]   (1)

𝐶 = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]      𝐷 = [

0
0
0
0

]  (2) 


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Fig. 2.  Simscape Multibody model of reaction wheel inverted pendulum system 

2.  LQR Control of Reaction Wheel Inverted Pendulum 

Linear Quadratic Regulator (LQR) is a full-state feedback control technique that is suitable 
to control reaction wheel inverted pendulum system. LQR Control block diagram of reaction 
wheel inverted pendulum system shown in Fig. 3. 

 

Fig. 3.  LQR Control block diagram of reaction wheel inverted pendulum system 

Equations of motion of the system can be described in the form (3) in this equation A and B 
are the state and input matrices of the system, the LQR determines the control signal u to 
minimize of objective function J shown in (4). 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢  (3) 

𝐽 = ∫ (𝑥𝑟𝑒𝑓 − 𝑥(𝑡))
𝑇

𝑄 (𝑥𝑟𝑒𝑓 − 𝑥(𝑡)) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡) 𝑑𝑡
∞

0
   (4) 

The matrices Q and R remove the error between desired input and the control response. In 
this paper state vector x defined in (5) and A and B matrices are used in LQR controller design. 
The next step in control design is to find the vector of state-feedback control gains K matrix. K 
is determined using Matlab platform with “lqr” command with A, B, Q and R matrices. Q and R 
matrices are obtained by trial and error and shown in (6). The command is used in the form of 
(7) and K is determined. Determined K matrix is shown in (8).  
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𝑥 = [𝜃 𝜃̇ 𝛽 𝛽̇]𝑇  (5)

𝑄 = [

104 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

] ,       𝑅 = 1  (6)

𝐾 = 𝑙𝑞𝑟(𝐴, 𝐵, 𝑄, 𝑅)  (7)

𝐾 = −[147.6226 17.6263 1 1.4530]  (8)

3.  Results and Discussion 

While reaction wheel inverted pendulum system is controlled, desired pendulum angle is 0 
degree and desired wheel rotational position is 0 degree choses. LQR controlled pendulum 
angle and pendulum angular velocity response shown in Fig. 4 and Fig. 5 respectively.  

 

Fig. 4.  Pendulum angle response of the system 

 

Fig. 5.  Pendulum angular velocity response of the system 

Moreover, wheel angle and wheel angular velocity of the reaction wheel inverted pendulum 
system is given in Fig. 6 and Fig. 7 respectively. In addition, LQR controlled torque change is 
given in Fig. 8. It can be said pendulum angle and wheel angle are reached to desired values. As 
a result, pendulum angle and wheel angle of the system are achieved successfully using LQR 
controller. As a result, designed LQR (Linear-quadratic regulator) controller can be used 
effectively in linearized systems. In order to see the results clearly time axis of the figures is 
widened. 
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Fig. 6.  Reaction wheel angle response of the system 

 

Fig. 7.  Reaction wheel angular velocity response of the system 

 

Fig. 8.  Control torque for the balance the system -25 degrees to 0 

4.  Conclusion 

The paper presents modeling and LQR control of a reaction wheel inverted pendulum 
system. 3D CAD platform is used for modeling and Matlab is used for both linearization and 
controller design. Thus, these types of mechanical systems can be modeled and controlled 
without a mathematical model by using two different engineering platforms. A LQR controller 
is designed and applied in Matlab/Simulink. LQR controller Q and R matrices are determined 
by the trial-error method. The controller is successfully achieved desired pendulum position. 
According to the results, the multibody modeling method is an effective and easy way to 
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modeling the control systems. For better results, different optimization algorithms can be used 
to determine Q and R matrixes or different control techniques can be used. 
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